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R-CLOSEDNESS AND UPPER SEMICONTINUITY
TOMOO YOKOYAMA
Abstract. Let F be a pointwise almost periodic decomposition of a compact
metrizable space X. Then we show that F is R-closed if and only if Fˆ is usc.
On the other hand, let G be a flow on a compact metrizable space and H
a finite index normal subgroup. Then G is R-closed if and only if so is H.
Moreover, if there is a finite index normal subgroup H of an R-closed flow G
on a compact manifold such that the orbit closures of H consist of codimension
k compact connected submanifolds and “few singularities” for k = 1 or 2, then
the orbit class space of G is a compact k-dimensional manifold with conners.
In addition, let v be a nontrivial R-closed vector field on a connected compact
3-manifold M . Then one of the following holds: 1) The orbit class space M/vˆ
is [0, 1] or S1 and each interior point of M/vˆ is two dimensional. 2) Per(v)
is open dense and M = Sing(v) ⊔ Per(v). 3) There is a nontrivial non-toral
minimal set.
1. Preliminaries
In [ES], they have show that if a continuous mapping f of a topological space X
in itself is either pointwise recurrent or pointwise almost periodic then so is fk for
each positive integer k. This results is extended into flow cases (see Theorem 2.24,
4.04, and 7.04 [GH]). In [Y3], one have shown the analogous result for R-closed
homeomorphisms. In this paper, we extend into the R-closed flow cases.
The leaf space of a compact continuous codimension two foliation F of a compact
manifold M is a compact orbifold [E], [EMS], [E2], [Vo], [Vo3]. On the other hand,
there are non-R-closed compact foliations and non R-closed flows each of whose
orbits is compact for codimension q > 2 [S], [EV], [Vo2]. In [Y2], the author
has shown that the set of R-closed decompositions on compact manifolds contains
properly the set of codimension one or two foliations which is minimal or compact.
In this paper, for k = 1 or 2, we show that the quotient space of a codimension
k compact connected decomposition with “few singularities” defined by a flow is a
compact k-dimensional manifold. In addition, let v a nontrivialR-closed vector field
on a connected compact 3-manifold. Then one of the following holds: 1) The orbit
class spaceM/vˆ is [0, 1] or S1 and each interior point ofM/vˆ is two dimensional. 2)
Per(v) is open dense and M = Sing(v) ⊔ Per(v). 3) There is a nontrivial non-toral
minimal set.
By a decomposition, we mean a family F of pairwise disjoint nonempty subsets
of a set X such that X = ⊔F . Let F be a decomposition of a topological space
X . For any x ∈ X , denote by Lx or F(x) the element of F containing x. For a
subset A ⊆ X , A is saturated if A = ⊔x∈ALx. F is upper semicontinuous (usc) if
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each element of F is both closed and compact and, for any L ∈ F and for any open
neighbourhood U of L, there is a saturated neighbourhood of L contained in U .
Note that we can choose the above U open. F is R-closed if R := {(x, y) | y ∈ Lx} is
closed. F is pointwise almost periodic if the set of all closures of elements of F also
is a decomposition. Then denote by Fˆ the decomposition of closures and by M/Fˆ
the quotient space, called the orbit class space. By a flow, we mean a continuous
action of a topological group G on a topological space X . For a flow G, denote by
FG the set of orbits of G. Recall a flow G is R-closed if the set FG of orbits is an
R-closed decomposition. Then G is R-closed if and only if R := {(x, y) | y ∈ G(x)}
is closed. Recall that each R-closed decomposition is pointwise almost periodic.
For an R-closed vector field v, write M/vˆ :=M/Fˆv.
2. R-closedness and Upper semi continuity
Now we show the following key lemma.
Lemma 2.1. Let F be a decomposition of a Hausdorff space X. If F is pointwise
almost periodic and Fˆ is usc, then F is R-closed. If X is compact metrizable and
F is R-closed, then F is pointwise almost periodic and Fˆ is usc.
Proof. Suppose that F is pointwise almost periodic and that Fˆ is usc. By Propo-
sition 1.2.1 [D2] (p.13), we have that X/F is Hausdorff. By Lemma 2.3 [Y], we
obtain that F is R-closed. Conversely, suppose that X is compact metrizable and
F is R-closed. By Lemma 1.6 [Y], we have that F is pointwise almost periodic and
that the quotient map p : X → X/Fˆ is closed. Since X is compact Hausdorff, we
obtain that each element of Fˆ is compact. By Proposition 1.1.1 [D2](p.8), we have
that F is usc. 
Lemma 2.3 [Y] implies the following result.
Proposition 2.2. Let F be a pointwise almost periodic decomposition of a compact
metrizable space X. The following are equivalent:
1) F is R-closed.
2) Fˆ is usc.
3) X/Fˆ is Hausdorff.
3. Inherited properties of R-closed flows
Recall that a subgroup H of a topological group G is syndetic if there is a
compact subset of G such that K ·H = G.
Lemma 3.1. Let G be a flow on a topological space X and H a syndetic subgroup
of G. If H is R-closed, then so is G. Moreover G · x = K · H · x for any x ∈ Y
where K is a compact subgroup with K ·H = G.
Proof. For any flow pi : G× Y → Y on a topological space Y , we claim that K · C
is closed for a closed subset C of Y . Indeed, fix a point x ∈ Y −K ·C. Then Y −C
is an open neighborhood of K−1 · x and so pi−1(Y − C) is an open neighborhood
of K−1 ×{x}. Since K−1× {x} is compact, by the tube theorem, there is an open
neighborhood U of x such that K−1 × U ⊆ pi−1(Y − C). Then K−1 · U ⊆ Y − C.
Therefore (K−1 · U) ∩ C = ∅ and so U ∩ (K · C) = ∅. This shows that K · C is
closed. Let RG := {(x, y) | y ∈ G · x} and RH := {(x, y) | y ∈ H · x}. Suppose that
H is R-closed. Then K ·H · x ⊆ G · x = K · (H · x) ⊆ K ·H · x. By the above
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claim, we have G · x = (K ·H) · x = K ·H · x = K ·H · x. Consider an action of
G on X ×X by g · (x, y) := (x, g−1 · y). Since K is compact and RH is closed, the
above claim implies that RG = K · RH is closed. 
For a subset V , write Fˆ(V ) := Sat
Fˆ
(V ) = ∪x∈V Fˆ(x). We generalize Lemma 1.1
[Y3] to flows. This statement is an analogous result for recurrence and pointwise
almost periodicity (see Theorem 2.24, 4.04, and 7.04 [GH]).
Lemma 3.2. Let G a flow on a compact metrizable space X and H a finite index
normal subgroup. Then G is R-closed if and only if so is H.
Proof. By Lemma 3.1, the R-closedness of H implies one of G. Conversely, suppose
that G is R-closed. Let n be the index of H and {f1, . . . , fn−1} a subset of G such
that G = H ⊔ Hf1 ⊔ · · · ⊔ Hfn−1. Put F := FG. By Corollary 1.4 [Y], we have
that G is pointwise almost periodic. By Theorem 2.24 [GH], we have that H is
also pointwise almost periodic. By Proposition 2.2, Fˆ is usc and it suffices to show
that FˆH is usc. Note that FH(x) ⊆ F(x) and so FˆH(x) ⊆ Fˆ(x). For x ∈ X with
FˆH(x) = Fˆ(x) and for any open neighbourhood U of Fˆ(x) = FˆH(x), since Fˆ is
usc, there is a Fˆ -saturated open neighbourhood V of Fˆ(x) contained in U . Since
FˆH(x) ⊆ Fˆ(x), we have that V is also a FˆH -saturated open neighbourhood V of
Fˆ(x). Fix any x ∈ X with Fˆ(x) 6= FˆH(x). Put Lˆ1 := FˆH(x) and {Lˆ2, . . . , Lˆk} :=
{Fˆ(fl(x)) | l = 1, . . . , n− 1} such that Lˆi ∩ Lˆj = ∅ for any i 6= j ∈ {1, . . . , k}. Let
Lˆ′ = Lˆ2 ⊔ · · · ⊔ Lˆk. Then Lˆ1 and Lˆ′ are closed and Fˆ(x) = Lˆ1 ⊔ · · · ⊔ Lˆk = Lˆ1 ⊔ Lˆ′.
For any sufficiently small ε > 0, let U1,ε = Bε(Lˆ1) (resp. U
′
ε = Bε(Lˆ
′)) be the open
ε-ball of Lˆ1 (resp. Lˆ
′). Then U1,ε/2 ⊆ U1,ε and U
′
ε/2 ⊆ U
′
ε. Since ε is small and
X is normal, we obtain U1,ε ∩ U ′ε = ∅. Since Fˆ is usc, there are neighbourhoods
V1,ε ⊆ U1,ε/2 (resp. V
′
ε ⊆ U
′
ε/2) of Lˆ1 (resp. Lˆ
′) such that V1,ε ⊔ V ′ε is an Fˆ -
saturated neighbourhood of Fˆ(x). Since Fˆ(x) is compact and V1,ε ⊔ V ′ε is an open
neighbourhood of Fˆ(x), there are finitely many connected components of V1,ε ⊔ V ′ε
each of which intersects Fˆ(x) and whose union is also a covering of Fˆ(x). Let
W1 be the finite union in V1,ε ⊔ V ′ε . Since W1 ⊇ Fˆ(x) and g(C) ∩ Fˆ(x) 6= ∅ for
any g ∈ G and any connected component C of W1, we have G(W1) also consists
of finitely many connected components. Since G(W1) ⊆ Fˆ(W1) ⊆ G(W1), we
have that Fˆ(W1) ⊆ V1,ε ⊔ V ′ε also consists of finitely many connected components.
Let W11, . . . ,W1l be the connected components of Fˆ(W1) intersecting V1,ε. Then
W :=W11⊔· · ·⊔W1l ⊂ V1,ε is a neighbourhood of Lˆ1 = FˆH(x) withW1i∩Lˆ1 6= ∅ for
any i = 1, . . . , l. We show that W is Fˆ -saturated. Indeed, since Fˆ(W ) ∩ V1,ε =W
and h(W1i) ∩ Lˆ1 6= ∅ for any h ∈ H and i = 1, . . . , l, we have V1,ε ⊇ W = H(W ).
Since FˆH(W ) ⊆ H(W ) ⊆ U1,ε, we have FˆH(W ) ∩ V ′ε = ∅. Since V1,ε ⊔ V
′
ε is an Fˆ -
saturated neighbourhood of Fˆ(W ), we obtain FˆH(W ) ⊆ V1,ε and so W = H(W ) ⊆
FˆH(W ) ⊆ Fˆ(W )∩V1,ε =W . Thus W is a desired FˆH -saturated neighbourhood of
FˆH(x) contained in W ⊆ U1,ε = Bε(FˆH(x)). 
4. Codimension one or two results
First, we consider the codimension one case.
Proposition 4.1. Let G be an R-closed flow on a compact connected manifold X,
H a finite index normal subgroup of G, and V the union of orbit closures of H
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which are codimension one connected elements. If there is a nonempty connected
component of V which is open and consists of submanifolds, then M/FˆG is a closed
interval or a circle such that there are at most two elements whose codimension
more than one.
Note that dimensions in the above statement are Lebesgue covering dimensions.
Proof. By Lemma 3.2, we have that H is also R-closed. Put Fˆ := FˆH . By Propo-
sition 2.2, we have that M/Fˆ is Hausdorff. Let U be the above open connected
component of V . Put p : M →M/Fˆ the canonical projection. By Theorem 3.3 [D],
we have that p(U) is a 1-manifold. Since Fˆ is R-closed, each connected component
of the boundaries of p(U) is a single point. Since U is open, we obtain that the
boundaries ∂U := U − intU have at least codimension two and so that M − ∂U is
connected. This implies that M/Fˆ is a closed interval or a circle. Since G/H is a
finite group acting M/Fˆ and since a finite union of closures is a closure of finite
union, we have that M/FˆG = (M/FˆH)/(G/H) is either a closed interval or a circle
and that there are at most two elements whose codimension more than one. 
Second, we consider the codimension two case. Consider the direct system {Ka}
of compact subsets of a topological space X and inclusion maps such that the
interiors of Ka cover X . There is a corresponding inverse system {pi0(X − Ka)},
where pi0(Y ) denotes the set of connected components of a space Y . Then the set
of ends of X is defined to be the inverse limit of this inverse system. By surfaces,
we mean compact 2-dimensional manifolds with conners (i.e. locally modeled by
[0, 1]2).
Proposition 4.2. Let G be an R-closed flow on a compact manifold X and H a
finite index normal subgroup of G. Suppose that all orbit closures of H are closed
connected submanifolds. If all but finitely many closures have codimension two and
finite exceptions have codimension more than two, then M/FˆG is a surface.
Proof. By Lemma 3.2, we have that H is also R-closed. Put Fˆ := FˆH . Let
L1, . . . , Lk be all higher codimension elements of Fˆ . Removing higher codimen-
sional elements, let M ′ be the resulting manifold, Fˆ ′ the resulting decomposi-
tion of M ′. Then Fˆ ′ consists of codimension two closed connected submanifolds
and is usc. By Theorem 3.12 [D3], we have that M ′/Fˆ ′ is a surface S′. Then
(M/Fˆ) − {L1, . . . , Lk} ∼= M ′/Fˆ ′ = S′. We will show that S′ has k ends. Indeed,
since the exceptions Li are finite, there are pairwise disjoint neighbourhoods Ui of
them. Since Fˆ is usc, there are pairwise disjoint saturated neighbourhoods Vi ⊆ Ui
of them. Since Wi − Li is connected for any connected neighbourhoods Wi of Li,
each end of S′ is corresponded to one of Li. This shows that S
′ has k ends corre-
sponding to Li. Since M/Fˆ is compact metrizable, we have that M/Fˆ is an end
compactification of M ′/Fˆ ′ and so a surface S. Since G/H implies a finite group
action on S and since any finite union of closures is the closure of finite union, we
obtain that M/FˆG ∼= (M/FˆH)/(G/H) is a surface. 
5. Toral minimal sets
Recall that a vector field is trivial if it is identical or minimal. We obtain the
following two statements for vector fields on 3-manifolds. For a flow v on a 3-
manifold, a minimal set T of v is called a torusoid for v if there are an open
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annulus A transverse to v and a circloid C in A whose saturation Satv(C) is T with
C = T ∩ A.
Lemma 5.1. Let v be an R-closed vector field on a connected compact 3-manifold
M . Then the union of torusoids is open and the quotient space is 1-dimensional.
Proof. Let A be an annular transverse manifold of v and C ⊂ A a circloid whose
saturation is a torusoid T with C = T ∩ A. Take small connected neighbourhoods
U1, U2 ⊆ Satv(A) of T such that the time one map fv : U1 ∩ T → U2 ∩ T is
well defined. Since v is R-closed and so Fˆv is usc, there is an Fˆv-saturated open
neighbourhood V ⊆ U1 ∩ U2 of T . Since T is Fˆv-saturated and connected, the
connected component W of V is also an Fˆv-saturated open neighbourhood of T .
SinceW ⊆ V , we have thatWA :=W ∩A ⊆ U1∩U2∩A and so fWA := fv| :WA →
WA is well-defined. Since v is R-closed, the mapping fWA is a homeomorphism.
Since T ∩ A = C ⊂ WA is fv invariant and U1, U2 are small, we have that WA
is connected. Let B be the union of the connected components of A −WA which
are contractible in A. Then B ∪ WA is an open annulus and Satv(B ∪ WA) is
an Fˆv-saturated connected open neighbourhood of T which consists of torusoids.
Indeed, define FillA(WA) as follows: p ∈ FillA(WA) if there is a simple closed curve
in W ∩ A which bounds a disk in A containing p ∈ A. Since each point of B is
bounded by a simple closed curve in WA, we have that B ⊔WA = FillA(WA) and
f ′ := fv| : FillA(WA) → FillA(WA) is a homeomorphism. Since C is a circloid
and A is the annular neighbourhood, we obtain that FillA(WA) is an open annulus.
By the two point compactification of FillA(WA), we obtain the resulting sphere
S and the resulting homeomorphism fS with the two fixed points which are the
added new points. Since v is R-closed, we have that M/vˆ is Hausdorff and so is
FillA(WA)/Fˆf ′ . By the construction, S/FˆfS is the two point compactification of
FillA(WA)/Fˆf ′ . Since M is normal, we obtain that S/FˆfS is Hausdorff and so fS
is R-closed. By Corollary 2.6 [Y2], we obtain that S consists of two fixed points
and circloids. Then the open neighbourhood Satv(B ⊔WA) = Satv(FillA(WA)) of
T consists of torusoids. Therefore the union of torusoids are open. 
Recall that a minimal set is trivial if a single orbit or the whole manifold.
Lemma 5.2. Let v be an R-closed vector field on a connected compact 3-manifold
M . Suppose that each two dimensional minimal set is torusoid. If there is a toru-
soid, then the orbit class space M/vˆ of M is a closed interval or a circle.
Proof. Note that each minimal set which is not a torusoid is a closed orbit. By
Lemma 5.1, the union of torusoids is open and the quotient space of it is a 1-
manifold. Since v is R-closed, the each boundary component of it is a single minimal
set. Since the each boundary component is a closed orbit and so is codimension
more than 1, the union of torusoids is connected. This implies that M/vˆ is a closed
interval or a circle. 
Lemma 5.3. Let v be an R-closed vector field on a connected compact 3-manifold
M . Suppose that each two dimensional minimal set is torusoid. If there are at least
three distinct periodic orbits, then Per(v) is open dense and M = Sing(v) ⊔Per(v).
Proof. Let p : M → M/vˆ be the canonical projection. By Lemma 5.2, there
are no two dimensional orbits closures. Therefore M = Sing(v) ⊔ Per(v). Since
Sing(v) is closed, we have that Per(v) is open. On the other hand, by Theorem
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3.12 [D3], the quotient space of Per(v) is a 2-dimensional manifold with conner.
Since M/vˆ is compact metrizable, by Urysohn’s theorem, the Lebesgue covering
dimension and the small inductive dimension are corresponded in M/vˆ. Hence the
boundary ∂(p(Per(v))) of p(Per(v)) has at most the small inductive dimension one.
Since ∂(p(Per(v))) consists of singularities, we obtain that ∂(Per(v)) has at most
the small inductive dimension one and so the Lebesgue covering dimension one.
Therefore M − ∂(Per(v)) is connected and so M − ∂(Per(v)) = Per(v). This shows
that Per(v) is dense. 
Now, we state the following trichotomy that v is either “almost one dimensional”
or “almost two dimensional” or with “complicated” minimal sets.
Proposition 5.4. Let v be an nontrivial R-closed vector field on a connected com-
pact 3-manifold M . Then one of the following holds:
1) The orbit class space M/vˆ of M is a closed interval or a circle and each interior
point of the orbit class is two dimensional.
2) Per(v) is open dense and M = Sing(v) ⊔ Per(v).
3) There is a nontrivial minimal set which is not a torusoid.
Proof. Suppose that each nontrivial minimal set is a torusoid. Since v is nontrivial,
there is a minimal set. If the minimal set is two dimensional, then Lemma 5.2
implies that 1). Otherwise we may assume that there are no two dimensional
minimal sets. Since v is nontrivial, there is a periodic orbit. By flow box theorem,
this has a neighbourhood without singularities. Thus there are infinitely many
periodic orbits. By Lemma 5.3, we have that 2) holds. 
References
[D] Daverman, R., Decompositions of manifolds into codimension one submanifolds Compositio
Math. 55 (1985), no. 2, 185–207.
[D2] Daverman, R., Decompositions of manifolds Pure and Applied Mathematics, 124. Academic
Press, Inc., Orlando, FL, 1986.
[D3] Daverman, R., Decompositions into codimension two submanifolds: the nonorientable case
Special volume in honor of R. H. Bing (1914–1986). Topology Appl. 24 (1986), no. 1-3, 71–81.
[EMS] R. Edwards, K. Millett, and D. Sullivan, Foliations with all leaves compact Topology,
16:13–32, 1977.
[E] D. B. A. Epstein, Periodic flows on 3-manifolds Ann. of Math., 95:68–82, 1972
[E2] D. B. A. Epstein, Foliations with all leaves compact Ann. Inst. Fourier (Grenoble)., 26:265–
282,1976.
[EV] D.B.A. Epstein, E. Vogt, A counter-example to the periodic orbit conjecture in codimension
3 Ann. of Math. (2), 108:539–552, 1978.
[ES] Erdo¨s, P., Stone, A. H., Some remarks on almost periodic transformations Bull. Amer. Math.
Soc. 51, (1945). 126–130.
[GH] W. Gottschalk, G. Hedlund, Topological Dynamics Amer. Math. Soc. Publ., vol. 36, Amer-
ican Mathematical Society, Providence, RI, 1955
[S] D. Sullivan, A Counterexample to the Periodic Orbit Conjecture Publ. Math. IHES, 46:5–14,
1976.
[Vo] E. Vogt, Foliations of codimension 2 with all leaves compact Manuscripta Math., 18:187–212,
1976
[Vo2] Vogt, E., A periodic flow with infinite Epstein hierarchy Manuscripta Math., 22:403–412,
1977.
[Vo3] Vogt, E., Foliations with few non-compact leaves Algebr. Geom. Topol. 2 (2002), 257–284
[Y] Yokoyama, T., Recurrence, pointwise almost periodicity and orbit closure relation for flows
and foliations arXiv:1205.3635.
[Y2] Yokoyama, T., R-closed homeomorphisms on surfaces arXiv:1205.3634.
R-CLOSEDNESS AND UPPER SEMICONTINUITY 7
[Y3] Yokoyama, T., Minimal sets of R-closed surface homeomorphisms C. R., Math., Acad. Sci.
Paris, to appear.
E-mail address: yokoyama@math.sci.hokudai.ac.jp
